HILBERT FUNCTIONS OF DOUBLE POINT SCHEMES IN P 2 
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Abstract. We study the question of whether there is a minimum Hilbert function 
for double point schemes whose support is s points with generic Hilbert function. 
Previous work shows that this question has an affirmative answer for s < 9 and for 
s = (2) (for any d G N). In this paper, we provide evidence in the case s = (o) + 1, 
and give an affirmative answer to the question when s = 11. 



Dedicated to Professor Ha Huy Khodi on the occasion of his 65th birthday. 

1. Introduction 

Let R — k[xo, . . . ,x n ) — ®°1 Rj be the standard graded polynomial ring over an 
algebraically closed field k of characteristic 0. Let / = ©°l ij be a homogeneous 
ideal of R. The quotient ring A = R/ 1 = 0°^ o Aj (with Aj = Rj/Ij) is also a graded 
ring. The Hilbert function of A, Ha '■ N — > N, is defined by 

U _|_ n \ 

H A (t) = dim k A t = dim k R t - dim k I t = I j - dim k I t . 
Let X = {Pi, . . . , P s } C P n be a set of s distinct points, and let 

Pi — (Ln, . . . , Lin) C R 

be the defining ideal of Pi (the Ly's, 1 < j < n, are linearly independent linear 
forms). We often write Pj -h- pi to indicate this correspondence between a point in 
P n and its defining ideal. Let 

ix = pi n • • • n p s 

be the defining ideal of X. It is well known that for all t > s — 1 and A = R/Ix, one 
has Hx(t) := Hji(t) = s. This naturally raises the question of what are the possible 
values for H%(t) for t < s — 1 as X varies over all possible sets of s distinct points 
in P™. This question has been settled (cf. [S]); a complete characterization of all the 
possible Hilbert functions for s points in F n is known. 

The situation gets a lot more complicated when one moves beyond the case of sim- 
ple points (cf. [H [71 El [TO])- In a relatively recent tour-de- force, J. Alexander and 
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A. Hirschowitz [2J found all the Hilbert functions for the non-reduced, zero dimen- 
sional subschemes of P n defined by ideals pff)- ■ ■ Hp 2 , in the case that the underlying 
reduced subscheme is a general set of points in F n . This was the key point in their 
solution to the long-outstanding Waring Problem for Forms (see [TJ [2j HJ [Til 1T2"| IT3]). 
Note that knowing the Hilbert function of this non-reduced subscheme of P n is equiv- 
alent to knowing the dimension of the space of hypersurfaces of any given degree with 
singularities at the given general set of points. 

This result of Alexander-Hirschowitz was one of the motivations for the authors 
of [10] asking whether it was possible, even in P 2 , to find the Hilbert functions of all 
the non-reduced subschemes defined by ideals of the type 



whose underlying reduced scheme was any set of s distinct points. This has turned 
out to be a very challenging problem. 

This problem (as well as some obvious generalizations) has been taken up in several 
papers since then with some notable successes if the number of points is small (< 9) 
(cf. [HE])- In this case, i.e. when s < 9, the exponents on the prime ideals pi can be 
any positive integers. Yet, even with all this work, it is fair to say that we are still 
very far from a general solution to the problem. 

One of the ideas of [10J was to divide up the problem in a way that might help 
see what the possibilities are. More specifically, they asked: if x{H) is the set which 
consists of all the subsets of s points of P 2 which share the same Hilbert function H 
and if X = {P 1; . . . , P s } e x(H) with Pj -h- pi C k[x, y, z] = R, what can be said 
about the Hilbert function of R/J when 



We call the scheme defined by the ideal J the double point scheme supported on 
X. Indeed, it has now become somewhat standard to refer to the scheme defined by 
J as 2X (and thus referring to H R /j as H 2 x), even though that leaves open room for 
misinterpretation. 

The generic Hilbert function for a set X of s points in P 2 is 



We shall denote this Hilbert function by H geriiS . From completely general considera- 
tions, it is easy to see that for X any set of s distinct points, we have 



Moreover, using the Theorem of Alexander and Hirschowitz [2J, this upper bound is 
achieved (for s ^ 2, 5) for almost every set of points X 6 x(H gen ,s)- 

This leads to a natural question: 



pi n • • • n p 2 s 



j = p\ n • • • n p 2 ? 



(*) 
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Question: Is there a lower bound for H 2 x(— ) for X e x{Hgen,s) which 
is actually achieved? 

There seems no apparent reason why this question should have a positive answer, 
but in [TO] the authors showed that it did have a positive answer for an infinite family 
of s. More precisely, they proved the following theorem. 

Theorem 1.1 ([10, Theorem 7.10]). Let s = Q and let C d = {P u ...,P S } be the s 

points which arise as the intersection of d general lines in P 2 . Then 

(1) H Cd (t) = min{( i 2 2 ), Q} for every t, and so C d G x{H g en,s)- 

(2) Let P ; H p 8 C k[x, y, z] and let J — p\n • ■ ■ fl p 2 s be the defining ideal of2C d . 
Then 

r m if t<d-i 

H R ,j(t) = H 2Cd (t)= I ( d + 1 ) + (t + l-d)d if d<t<2d-3 

[ 3© if t>2d-2. 

(3) IfX E x(H geri:S ) then we have 

H 2 c d (t) < H 2X (t) for every ten. 

Theorem 11.11 shows that there is a minimum Hilbert function for the double point 
schemes supported on s = 3, 6, 10, 15, 21, ... points with general Hilbert function. The 
work done in [7J [S] further shows that such minima also exist for s < 9 points. Thus, 
the first open case for the Question is for s = 11 points in P 2 . 

The goal of this paper is to give an affirmative answer to the Question when 
s = 11. Since our proof involves looking at many separate cases, we hope that our 
solution will inspire a more interesting attack on this thorny problem. 

In the next section, we consider the case when s is of the form s = Q) + 1. 
In particular, when d = 5, s = 11. We recall from [TO] those configurations of 
s points over which the double point scheme is conjectured to have the minimum 
Hilbert function. We provide supportive evidence to the Question in this case by 
proving, in Proposition I2.2[ that the assertion holds for the "first half" of the Hilbert 
function. The last section is devoted to the case s — 11. An affirmative answer to the 
Question in this case is obtained by a series of case analyses, which are to be found 
in Propositions 13.21 - 13.51 
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many splendid conversations we have had on these questions with Brian Harbourne, 
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a careful read of the paper and useful suggestions. 
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2. Line configurations and the first half of Hilbert functions 

In this section, we give some evidence that the Question should have a positive 
answer for s = ( 2 ) + 1 points. 

We start by recalling the description of those configurations of points which are 
conjectured to be the support of double point schemes having the minimum Hilbert 
functions. 

Definition 2.1. Let L 1; . . . , L^+i be a set of (d+1) general lines in P 2 . (Thus, each Lj 
meets the remaining d lines at d distinct points.) Denote by C^+i the configuration of 
(2 *) intersection points of the LjS. For any < r < d, let C^ r be the sub configuration 
of Cd+i obtained by removing (d — r) intersection points that are on the single line 
Ld+i- 

By [TOJ Lemma 7.8], it is known that C^ r has the Hilbert function of ( 2 ) +r general 
points in P 2 . In particular, C^i has the Hilbert function of s = (f) + 1 generic points 
in P 2 . As before, we denote this generic Hilbert function by H gen s . 

By abuse of notation, we shall use F to denote both a homogeneous form in the 
polynomial ring R = k[x, y, z] and the curve Y(F) in P 2 . 

Proposition 2.2. Assume that d > 3. If X 6 x(H ge n,s), s = ( 2 ) + 1, then H 2 x(t) = 
(*+ 2 ) for allt<d. 

Proof. Let 2X denote the double point scheme whose support is X and let J 2 x be its 
defining ideal in R. It suffices to show that the ideal J 2 x contains no form of degree 
d. Suppose, by contradiction, that F G J 2 x is a form of degree d. We shall consider 
two cases. 

Case 1. F is reduced. Since an irreducible curve of degree d has at most ( d ^ 1 ) 
singular points, F must be reducible. Let F = G\ . . . G r be the factorization of F 
into irreducible forms, where degGj = Aj (in particular, 2 < r < d and Yll=i \ = d). 
Each curve Gi contains at most ( singular points, and the curves G{ intersect at, 
at most, Ylii<j ^i^j distinct points. Thus, F has at most 

i=l ^ ' i<j 

singular points. However, since F is singular at all the points in X, we must have 
D > (2) + 1 = ( d 2 1 ) + d. A contradiction will result if we can show that 

D= { d ~2 1 ) +r ~ 1 (2J) 

since (V) + r - 1< (V) + d. 
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Indeed, we shall use induction on r to prove this equality. For r = 2, we can easily 
verify the equality 



Suppose that (12.1 p is proved for r — 1. That is, suppose 

e(\>£MV) +( - 

i=l ^ 7 i<j<r ^ 7 

where dl = Y7i=l \- ^ follows from the case when r = 2 that 



d'-l\ A r -1\ /tf + Ar-l 

2 J + ( 2 J+^=( 2 

That is, C^ 1 ) + ( Ar 2 _1 ) + (J2lZl \)K = (V) + 1. Thus, together with the induction 
hypothesis, we have 



£(\>£^(V) 

i=l v 7 i<? v 7 



+ l + (r-2)=(' i : r | + (r-l). 



Case 2. F is non-reduced. In this case, F can be written as F = G 2 H, where G and 
H are homogeneous forms and H is reduced. Let degG = 6 and degif = A (then 
d = 29 + X). 

As in Case 1, H has at most singular points. This implies that at least L) + 
1 — L) of the points of X come from G 2 or the intersection G f) H. I.e., G must 
contain at least (f) + 1 — ( A ) points of X. Notice that ( 29 ^ A ) + 1 — (n) > (^t 2 ) ~~ 1- 

It can be further seen from the Hilbert function of X and its difference function, 

H X : 13 6 ... f'fl 



v 2 / V 2 , 

A# x : 123 ... d - 1 1 ->■ 



that for 6 < d a. degree # curve contains at most (1 + 2 + ■ • • + 6 + 6) = ( e ^ 2 ) — 1 
points of X. This gives a contradiction. □ 



3. First infinitesimal neighborhood of 11 points 



This section is devoted to showing that the Question has an affirmative answer 
for s — 11 points. Let C^i be the configuration defined above, and let 265,1 be the 
double point scheme supported on C^\. By [TO], p. 607], the Hilbert function of 26*5,1 
and its difference function are 



H 2Cs i : 1 3 6 10 15 21 26 31 32 33 -»■ 
AH 2 c 5tl ■ 12345655110 -> 
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We shall show that the Hilbert function H 2 c 5 x is the smallest Hilbert function for 
double point schemes whose support has the generic Hilbert function H genVL . 

For the rest of the paper, let X 6 x{Hgen,xi)- Our goal is to prove that H 2 c 61 < Hzx, 
i.e., 

H 2 c 5A (t) < H 2X (t) for every t G N. (**) 

It follows from Proposition 12.21 that 

H 2C51 (t) = H 2X (t) for anyt<5. 

Thus, it remains to prove the inequality (**) for t > 6. Clearly, H 2X (6) < dim^ Rq = 
28. Therefore, we shall proceed by considering different cases when H 2X (6) is 28, 27, 
26 or < 26. 

The following lemma appears to be known, but we could not find it in the literature. 

Lemma 3.1. Let £ be a linear series of dimension at least 2 on a projective scheme 
X . Assume that £ has no fixed component. Then a general divisor in £ is reduced. 

Proof. Let F be a general divisor of £. Suppose that F is not reduced. Then F can be 
written as F = G 2 H, where G is irreducible. Observe that all points (infinitely many) 
of G are singular points of F . By Bertini's theorem, these points are in the base locus 
of £. Let F' be any other element in £. Since all points of G are in the base locus of 
F', G is a factor of F' . Thus, G is a fixed component of £, a contradiction. □ 

Proposition 3.2. If H 2X (6) = 28 then H 2X (7) > 31. This, in particular, implies that 
#2x(8) > 32, H 2X (9) > 33 and thus H 2X > H 2Csi . 

Proof. Since regl x = re g-^c 5 ,i = 5, by a result of [B], we have reg/ 2 x < 10. Thus, in 
this case, the difference function of the Hilbert function of 2X has the form 

AH 2X : 1234567a6c0 -> 

where a + b + c = 5 and a> b > c. The possibilities for (a, b, c) are (5, 0, 0), (4, 1, 0), 
(3,2,0), (3,1,1) and (2,2,1). 

In the first 4 cases, H 2 x(7) > 28 + 3 = 31. In the last case, by [S] Proposition 5.2], 
there exists a conic C containing a subscheme of 2X with multiplicity 18. 

A reduced conic has at most 1 singular point, so either C contains 9 simple points 
of X or a double point in 2X and some simple points in X. In the first case, there are 
too many points of X on a conic, violating the hypothesis that X has generic Hilbert 
function. In the second case, the multiplicity of the subscheme of 2X on C is an odd 
number, which cannot be 18. 

If C is non-reduced then C = L 2 , where L is a linear form. This implies that L 
contains 9 points of X, which again violates the hypothesis that X has generic Hilbert 
function. □ 

Proposition 3.3. If H 2X {6) = 27 then H 2X (7) > 31. Thus H 2X > H 2Csi . 
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Proof. The hypothesis i?2x(6) = 27 implies that the defining ideal Izx of 2X has a 
unique generator, say F 6 , in degree 6. We need to show that dim^ (hx) 7 < 5. 

Consider any homogeneous form H-j of degree 7 in I%x- By Bezout's Theorem, Hj 
and Fq should have an intersection divisor of degree 42, but the 11 double points of 
2X are on both Hf and F e , contributing at least 44 to that degree. This can only the 
be the case if H 7 and _F 6 share a common component. In particular, H-j is reducible. 
This is true for any form in (/2x) 7 - Thus, by Bertini's theorem either (-?2x) 7 has a 
fixed component or (hx) 7 is composed with a pencil. 

We first assume that (hx) 7 has a fixed component. 

Notice that F 6 x, F 6 y, F 6 z G (hx) 7 - Therefore, any fixed component of (-^2x) 7 is a 
factor of Fq. We shall denote this fixed component by F. The following (rather long 
case by case) argument focuses on the various possibilities for the degree of the fixed 
component F of (hx) 7 - 

Case a: degF = 6. In this case F = F 6 , and clearly elements of (^2x) 7 axe of the 
form FL, where L is a linear form. We then have dim^ (-?2x) 7 = 3. 

Case b: degF = 5. In this case, Fq = FL and H 7 = FC2, where L is a linear form 
and C2 is a quadratic form. 

By Proposition I2.2[ (hx) 5 = (0). Thus, F is not singular at all the points of X. 
Since FL is singular at all the points of X this implies that L must contain at least 
one point of X. By the same reasoning, the conic C2 contains that same point. This 
puts at least one linear condition on the space of such quadrics and hence, the space 
of such quadrics has dimension at most 5. In particular, dim fc (-^2x) 7 < 5. 

Case c: degF = 4. In this case _F 6 = FC2 and H 7 = FC3, where C2 is a quadratic 
form and C3 is a cubic form. Again, since F is not singular at all the points of X, 
C2 and C3 are determined by vanishing conditions at a subset Y of X (a subset that 
cannot be on a line; otherwise, FL would be a form of degree 5 singular at all the 
points of X). The Hilbert function of Y is, thus, of the form 

H Y : 13 5 > 5 

This implies that the space of cubics through Y has dimension at most 5 and hence 
that dim fc (/ 2 x) 7 < 5. 

Case d: degF = 3. In this case F 6 = FC 3 and H 7 = FQ4, where C 3 is a cubic form 
and Qi is a quartic form. Note that F 7^ C 3 . As in the previous two cases, C 3 and 
Q4 are determined by vanishing conditions imposed by a subscheme Z of 2X (that is 
not contained in F). 

Claim 1. The multiplicity of Z is at least 10. 

Proof of the Claim. We shall consider different subcases depending on whether F and 
C3 share a common component. 

Case d.l: F and C3 share a common component. 
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Suppose the highest degree common component of F and C 3 is a conic, i.e., F = 
C 2 L and C 3 = C 2 L', where C 2 is a conic, L and V are lines. Since C 2 contains at 
most 8 points of X, at least 3 double points of 2X must lie on the intersection of L 
and V . This implies that L = L', i.e., F = C 3 , a contradiction. 

Suppose now that the highest degree common component of F and C 3 has degree 
1, i.e., F = LC 2 and C 3 = LC 2 , where C 2 and C' 2 are quadratic forms. Since the 
line L contains at most 5 points of X, if either C 2 or C' 2 has no singular points then 
for FC 3 to contain 2X, the intersection of C 2 and C' 2 must have at least 5 points of 
2X. This means that C 2 and C 2 share a component, and we are back to the previous 
case. It remains to consider the possibility that both C 2 and C' 2 have singular points, 
i.e., that C 2 = L 1 L 2 and C' 2 = L\L' 2 , where L { 7^ L'y Again, since a line contains at 
most 5 points of X, we must have L\ 7^ L 2 and L[ 7^ L 2 . In this case, X consists of 
exactly 5 points on L, the intersection of L\ and L 2 , the intersection of L[ and L 2 , 
and 4 intersection points of Li and L'y Therefore, the subscheme Z determining Q4 
consists of a double point at the intersection of L[ and L' 2 , and 9 points other than 
the intersection of L 1 and L 2 . Clearly, the multiplicity of Z is 12. 

Case d.2: F and C 3 share no common component. 

The possibilities for a cubic F are: F is irreducible, F = LC, F = L 1 L 2 .L 3 , 
F = L 2 Li and F = L 3 (where L,L 1? L 2 and L 3 denote linear forms, and C denotes 
an irreducible conic). 

If F is an irreducible cubic then F contains at most 1 singular point, and F and 
C 3 intersect at 9 points. Thus, Z consists of at least a singular point and 9 simple 
points, whence the multiplicity of Z is at least 12. 

If F = LC then F has 2 double points. Since a cubic F cannot contain all the 11 
points of X, C 3 has to contain at least a double point of 2X. Thus, in this case, the 
subscheme Z consists of a double points (for some a > 1) and at least (11 — 2 — a) 
simple points in the intersection of F and C3. The multiplicity of Z is then at least 
3a + (11 - 2 - a) = 2a + 9 > 11. 

If F = LiL 2 L 3 then F has 3 double points. As before, C 3 must contain a double 
point of 2X, and thus, the subscheme Z consists of a double points (for some a > 
1) and at least (11 — 3 — a) simple points. The multiplicity of Z is then at least 
3a + (11 - 3 - a) )= 2a + 8 > 10. 

If F = L 2 Li then L contains at most 5 points of X. If a out of 3 intersection points 
of L\ and C 3 are points in X then C 3 must contain at least (11 — 5 — a) double points of 
2X. Thus, the subscheme Z consists of at least (11 — 5 — a) double points and a simple 
points. In this case, the multiplicity of Z is at least 3(11 — 5 — a) + a = 18 — 2a > 12, 
since a < 3. 

If F = L 3 then since L contains at most 5 points of X, the subscheme Z must have 
at least 6 double points of 2X; and thus, Z has multiplicity at least 18. The claim is 
proved. □ 
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We shall proceed with the proof of the proposition, having shown that the multiplic- 
ity of Z is at least 10. Notice that since Z belongs to exactly one cubic (dim^ (^2x) 6 = 
1), the Hilbert function of Z has the form 

H z : 1 3 6 9 > 10 

This implies that the space of quartics containing Z has dimension at most 5. In 
particular, we have dim^ (-^2x) 7 — 5. 

Case e: degF = 2. In this case F 6 = FQ$ and H 7 = FQ 5 , where Q 4 and Q 5 are 
quartic and quintic forms. As before, Q4 and Q$ are determined by a subscheme Z 
of2X. 

Since the conic F contains at most 8 points of X, Q 4 must contain at least 3 double 
points in 2X. Moreover, F has at most one double point. Therefore, at least 7 of 
the intersection points of F and Q4 are points of X. In this case, the subscheme Z 
consists of at least 3 double points and 7 simple points, and has multiplicity at least 
16. Since there is a unique quartic (namely Q4) that contains Z, the Hilbert function 
of Z is of the form 

H z : 1 3 6 10 14 (15 or 16) > 16 ... 

If Hz(5) = 16 then the space of quintics containing Z has dimension at most 5. In 
particular this implies that dim^ (-^2x) 7 — 5 and we would be done. 

If, however, H%(5) = 15 then the Hilbert function of Z must be 

H z : 1 3 6 10 14 15 16 -> 

(the increment from 14 to 15 forces i/z(6) < 16). In this case, difference Hilbert 
function of Z is 

AH Z : 1 2 3 4 4 1 1 -»> 

By [U Proposition 5.2], there is a line containing 7 points of Z (hence at least 7 points 
of X). This contradicts the fact that X has generic Hilbert function. 

Case f: degF = 1. In this case F 6 = FQ 5 and H 7 = FS 6 , where Q 5 and S 6 are 
quintic and sextic forms, respectively. 

The line F contains at most 5 points of X. Thus, Q5 must contain at least 6 double 
points of 2X. Moreover, if Q 5 contains at least 10 double points of 2X then, since the 
space of lines going through the 11th point of X has dimension 2, the space of such F 6 's 
would have dimension 2 - a contradiction to the hypothesis. Therefore, Q5 contains 
at most 9 double points of 2X. Suppose Y is the subscheme of 2X determining Q 5 
(and consisting of a double points (for some 6 < a < 9) and (11 — a) simple points 
on the line F. 

We shall denote by Z the subscheme of a double points in Y. Let iy and 1% denote 
the defining ideals of Y and Z in P 2 . Also let Xy and denote the ideal sheaves of 
Y and Z. We have the following short exact sequence 

-> Xz{t -l) X 4 Xy(t) -> Xy nF (t) -> 0. (3.1) 
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Note further that the homogeneous pieces (^y)j and [lj) t can be identified with 
H°(lY(t)) and H°(Tz(t)). It follows from the short exact sequence ( 13. 1H that 

h°(M6)) < h°(M*)) + />°GW(6)). (3.2) 

Observe that Y n F consists of (11 — a) simple points on a line, so Xyof(6) — 
ppi(6-(ll-a)) = C P i(a-5). Thus, /i°(Z YnF (6)) = h°{O w i(a-5)) = a- A. Observe 
further that the Question has a positive answer for < 9 points (see [7J[5]). Therefore: 

(1) If Z consists of 6 (i.e., a = 6) double points then the Hilbert function of Z is 
at least 

1 3 6 10 14 18 -> 

(2) If Z consists of 7 (i.e., a = 7) double points then the Hilbert function of Z is 
at least 

1 3 6 10 15 19 ••• 

(3) If Z consists of 8 (i.e., a = 8) double points then the Hilbert function of Z is 
at least 

1 3 6 10 15 20 ••■ 

(4) If Z consists of 9 (i.e., a = 9) double points then the Hilbert functions of Z is 
at least 

1 3 6 10 15 20 24 27 ^ 

It can be checked using (13. 2p that for 6 < a < 8, /i°(Xy(6)) < 5. This implies that, 
for 6 < a < 8, the space of sextics containing Y (i.e., the S^s above) have dimension 
at most 5, whence dim^ (^2x) 7 ^ 5. For the remaining value a = 9, since Hz(6) > 24, 
the space of sextics containing Z has dimension at most 4. It then follows that the 
space of sextics containing Y has dimension at most 4, whence dim^ (-^2x) 7 — 4. 

The case when (^2x) 7 has a fixed component is completed. 

Let us now assume that (-^2x) 7 is composed with a pencil. 

In this case, since 7 is a prime number, there exist two linear forms W and V such 
that any element H-j of (-^2x) 7 is a degree 7 polynomial in W and V. This implies 
that Hj factors into 7 linear factors in W and V (which are also linear in x, y and z). 

Recall that F§ is the unique generator in degree 6 of J2X, and notice again that 
Fqx, F G y, Fqz G (-^2x) 7 - Thus, F s x,F 6 y and F Q z can be written as polynomials of 
degree 7 in W and V . This, in particular, implies that 

x = Fqx y = Fey k (W\ 

z Fqz' z F 6 z \VJ' 

That is, 
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This is a contradiction. Hence, (hx) 7 cannot be composed with a pencil. The 
proposition is proved. □ 

Proposition 3.4. H 2X (Q) > 26. 

Proof. Suppose, by contradiction that H 2 x(6) < 26. By Proposition 12.21 and the fact 
that deg2X = 33, the difference function of the Hilbert function of 2X is of the form 

AH 2X : 123456a6crf0 -> 

where a + b + c + d = 12 and a>b>c>d>0. By the assumption that H 2 x(6) < 26, 
we also have that a < 5. The possibilities for (a,b,c,d) are: (4,4,4,0), (4,4,3,1), 
(4,4,2,2), (4,3,3,2) and (3,3,3,3). 

Case 1: (a, b, c, d) = (4, 4, 4, 0), (4, 4, 3, 1) or (4, 4, 2, 2). By Proposition 5.2], there 
is a quartic, Q 4 , containing a subscheme Y of 2X of degree 30. Since each simple 
point on Q4 contributes 2 and each double point contributes 3 to the degree, the only 
possibilities for Y are that it consists of 10 double points of 2X, or it consists of 8 
double points of 2X and 3 simple points of X. 

An irreducible quartic has at most 3 singular points, so Q4 is not irreducible. It can 
also be easily seen that a reduced quartic has at most 6 singular points. Therefore, 
Qi is non-reduced. The possibilities are: Q4 = Cf, Q4 = C 2 L 2 , Q4 = L 3 Li, and 
Q4 = L 4 , where L and L\ denote distinct linear forms, and C 2 denotes an irreducible 
conic. 

If Q4 = C 2 then the conic C 2 contains > 10 points of X, a contradiction. 

If Q4 = C 2 L 2 then, since C 2 has no singular points, > 8 points of X must be on L, 
a contradiction. 

If Q4 = L 3 Li or Q 4 = L 4 , then we are again forced to have L contain > 8 points 
of X, a contradiction. 

Case 2: (a,b,c,d) = (4,3,3,2). Again, by [HI Proposition 5.2], there is a cubic C 3 
containing a subscheme Y of 2X of degree 26. The only possibility to get multiplicity 
26 is that Y consists of 8 double points and a simple point of 2X. 

A reduced cubic has at most 3 double points. Thus, C 3 is non-reduced. The 
possibilities for C3 are: C3 = L 2 L\ or C3 = L 3 . In both cases the line L is forced to 
contain at least 8 points of X, a contradiction. 

Case 3: (a, b, c, d) = (3, 3, 3, 3). As before, by Proposition 5.2], there is a cubic C 3 
containing a subscheme Y of 2X having degree 27. This is only possible if Y consists 
of 9 double points of 2X. 

An argument similar to that of Case 2 shows that C3 is non-reduced. Also in this 
case we are forced to conclude that there is a line containing at least 9 points of X, 
a contradiction. 

This completes the proof of our proposition. □ 
Proposition 3.5. If H 2 x{6) = 26 then H 2 x(7) > 31 and thus if 2 x > H 2C51 - 
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Proof. Let 5*6 and S' 6 be any two elements that generate the 2-dimensional vector 
space (hx) 6 - By Bezout's Theorem 5*6 and S' 6 should meet in a divisor of degree 36, 
but the 11 double points in 2X already give at least degree 44 for this divisor. Thus, 
Sq and S' 6 share a common factor. In particular, this implies that (-^2x) 6 has a fixed 
component. We shall call this fixed component F. Our proof proceeds by a case by 
case analysis based on the degree of F. 

Claim 1. If deg-F = 5 then X is the same as a C^i configuration. 

Proof of the Claim. In this case, elements of (^2x) 6 are linear combinations of FL\ 
and FL 2 , where L\ and L 2 are distinct linear forms. Since L\ and L 2 intersect in 1 
point, F must contain at least 10 double points of 2X. By using Bezout's Theorem 
and considering possible factorizations of F, it can be shown that this is the case 
only if F is the product of 5 distinct lines, and the 10 double points on F are the 
intersection points of these lines. The last double point of 2X must be the intersection 
of Li, L 2 and F. Thus, X is exactly the configuration Cs^, and we are done. □ 

Claim 2. deg 

Proof of the Claim. Suppose deg F — 4. In this general element of UgxL is 

of the form FC, where C is a reduced conic (by Lemma [3. ip . 

Case a: F is reduced. The possibilities for F are: F is irreducible, F = LC3, F = 
C 2 C 2 , F = C 2 LiL 2 , and F = LiL 2 L 3 L^, where L and the Lj denote distinct linear 
forms, C 2 and C 2 denote distinct irreducible quadrics, and C 3 denotes an irreducible 
cubic form. 

If F is irreducible then F has at most 3 singular points. Thus, the other 8 double 
points of 2X must be from C or the intersection C (IF. This implies that C contains 
at least 8 points of X. The Hilbert function of these 8 points must be 1 3 5 7 8 — >. 
This implies that there is a unique such conic C. In particular, the pencil (i2x) 6 has 
dimension 1, a contradiction. 

If F = LC3 then since C3 has at most 1 singular point and C3 intersects L at 
3 points, at least 7 double points of 2X come from C or the intersection C D F. 
That is, C goes through 7 points of X. The Hilbert function of these 7 points is 
1 3 5 (6 or 7) 7 — >. Again, in this case, the pencil (F2x) 6 has dimension 1, a 
contradiction. 

If F = C 2 C 2 then since C 2 and C 2 intersect at 4 points, again, C must contain at 
least 7 points of X. As before, this leads to a contradiction. 

If F = C 2 L\L 2 then since L\ fl L 2 has 1 point and C 2 fl Lj has 2 points, C must 
contain at least 6 points of X. If 4 or 5 of these points are on a line, say L, then L 
intersects an element of (F2x) 6 at 4 or 5 double points (of 2X). A line and a degree 
6 form should only meet at 6 points, and thus, L is a component of (^2x) 6 - We are 
back in Case 1. If at most 3 points of these 6 points are on a line, then the Hilbert 
function of these 6 points is 1 3 5 6 — >. Once again, this leads to a contradiction 
of the fact that (F2x) 6 is a pencil. 
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If F = L1L2L3L4 then, since these lines intersect in at most 6 points, C must 
contain at least 5 fixed points of X. If 4 of these 5 points are on a line, say L, then 
(as before) L must be a component of (-?2x) 6 , and we are back to Case 1. If at most 3 
of these 5 points are on a line, then the Hilbert function of the 5 points is 1 3 5 — >, 
and, as before, we are lead to a contradiction. 

Case b: F is non-reduced. The possibilities for F are: F = Cf , F = C 2 L 2 , F = L 3 Li, 
F = L 2 LiL-2 and F = L A , where L and Li denote linear forms and C 2 denotes an 
irreducible conic. 

If F = Cf then, since C has at most 1 singular point, C2 must contain at least 10 
points of X, a contradiction to the fact that X has generic Hilbert function. 

If F — C2L 2 then, since C and C2 intersect at 4 points, C2 has no singular points 
and C has at most 1 singular point, L must contain at least 6 points of X. Again, 
this is a contradiction. 

If F = L 3 L\, F = L 2 LiL-2 or F = L 4 , then it can be shown that too many points 
of X are on a line. □ 

Claim 3. deg F ^ 3. 

Proof of the Claim. Suppose deg F = 3. In this general element of (/ 2 x) 6 has 

the form FC3, where C3 is a reduced cubic (by Lemma [3TT]) . 

Case a: F is reduced. The possibilities for F are: F is irreducible, F = C 2 Li, 
F = L1L2L3, where the Lj are distinct linear forms and C2 denotes an irreducible 
conic. 

If F is irreducible then F has at most 1 singular point. Thus, C3 must contain at 
least 10 fixed points of X. Since X has generic Hilbert function (and a point imposes 
at most one independent condition to cubics), the Hilbert function of these 10 points 
must be 1 3 6 (> 9) ■ ■ • This implies that there is a unique such cubic C3. This 
leads to a contradiction of the fact that (^2x) 6 is a pencil. 

Suppose that F = C 2 Li. Since C2flLi has 2 points, C3 must contain a > double 
points of 2X and at least (9 — a) intersection points F fl C3. Observe that the two 
cubics C3 and C' 3 (for which FC3 and FC! 3 generate (i2x) 6 ) intersect at 9 points, 
but a double points and (9 — a) single points give 4a + (9 — a) = 9 + 3a points of 
intersection. Thus, if a > 1, then C3 and C' 3 share a common factor that could be 
absorbed into the fixed component F of (-^2x) 6 , and we are back to a previous case. 
Assume that a = and C3 contains the 9 intersection points of F fl C3 (a complete 
intersection of two cubics) . The Hilbert function of these 9 points is 1 3 6 8 9 — >. 
Therefore, there are exactly two cubics containing them (the 9 points). In this case, 
there is only one such C3 (the other cubic is F), and this leads to a contradiction of 
the fact that (lzx) 6 is a pencil. 

Suppose that F = LiL 2 L 3 . Since the lines Lj intersect at 3 points, C3 must contain 
a > double points of 2X and at least (8 — a) points of the intersection F n C3. As 
before, the two cubics C 3 and C 3 (for which FC 3 and FC' 3 generate (-^2x) 6 ) intersect 
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at 9 points, so if a > 1 then a double points and (8 — a) single points would give 
4a + (8 — a) = 8 + 3a > 9 intersection points, and therefore, we can enlarge the fixed 
component F and are back to a previous case. Assume that a = 0. Then C3 contains 
at least 8 intersection points of F n C 3 . In this case, C3 will intersect two of the lines 
Li, L 2 and L 3 in at least 6 points. The union of these two lines (a conic) now contains 
at least 9 points of X, a contradiction. 

Case b: F is non-reduced. The possibilities for F are: F = L 2 L\ and F = L 3 , where 
L and L\ denote distinct linear forms. 

Suppose that F = L 2 L\. Since L contains at most 5 points of X, C3 fl L\ has 
3 points and C3 has at most 3 singular points, it must be the case that L contains 
exactly 5 points of X and C3 has exactly 3 double points of 2X. The Hilbert function 
of these 3 double points is 1 3 6 9 12 — >. Thus, there is at most one such cubic 
C 3 . That is, (^2x) 6 has dimension at most 1, a contradiction. 

Suppose that F = L 3 . Since C3 has at most 3 singular points, L must contain at 
least 8 points of X. This is also a contradiction. □ 

Claim 4. degF ^ 2. 

Proof of the Claim. Suppose degF = 2. A general element of (hx) 6 has the form 
FQ 4 , where Q4 is a reduced quartic. 

Case a: F is irreducible. In this case F (IQ4 has 8 points. Thus, Q4 must contain at 
least 3 double points of 2X. Suppose the subscheme Z of 2X determining the space 
of such Q4S consists of a > 3 double points and (11 — a) points of the intersection 
F fl Q4. Observe that two quartics Q 4 and Q' 4 (for which FQ 4 and FQ' 4 generate 
(/ 2 x) 6 ) intersect at 16 points, but a double points and (11 — a) single points give 
4a + (11 — a) = ll + 3a> 16 points of intersection for any a > 3. Thus, Q4 and Q' 4 
share a common factor, which now can be absorbed into the fixed component F of 
(-^2x) 6 , and we are back in previous cases. 

Case b: F is reducible. The possibilities are: F = L X L 2 and F = L 2 , where L and 
the Lj's denote distinct linear forms. 

Consider the case where F = LiL 2 . Note that the intersection point, L x fl L 2 , 
and the 8 intersection points, F fl Q4, cannot all be in X (otherwise, F is a conic 
containing 9 points of X). Thus, Q4 must contain at least 3 double points in 2X, and 
the subscheme Z of 2X determining such Q4S consists of a > 3 double points and at 
least (10 — a) points of the intersection F fl Q4. By an argument similar to one we've 
seen before, we can enlarge the fixed component F and appeal to previous cases. 

Consider the case where F = L 2 . Since L contains at most 5 points of X, Q4 
must contain at least 6 double points in 2X. These 6 double points give at least 24 
intersection points of two such quartics Q4 and Q' A . Again, this leads to the situation 
where we can enlarge F and appeal to previous cases. □ 

Claim 5. deg F^l. 
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Proof of the Claim. Suppose degF = 1. A general element of (hx) 6 has the form 
F.Q 5 , where Q5 is a reduced quint ic. 

Since the line described by F contains at most 5 points of X, the quintic Q5 must 
have at least 6 double points of 2X (and passes through the points of XonF). Observe 
that the two distinct quintics in the pencil {hx) 6 meet at 25 points. However, the 
6 double points and the 5 simple points on these quintics give at least 29 points of 
intersection. This is the case only if the two quintics share a common component. In 
particular, we can again enlarge the fixed component F and appeal to previous cases. 

This concludes the claim and proves the proposition. □ 
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